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Abstrat
The study of biohemial pathways usually fouses on a small setion of a protein
interations network. Two distint soures ontribute to the noise in suh a system:
intrinsi noise, inherent in the studied reations, and extrinsi noise generated in
other parts of the network or in the environment. We study the eet of extrin-
si noise entering the system through a nonlinear uptake reation whih ats as a
nonlinear lter. Varying input noise intensity varies the mean of the noise after the
passage through the lter, whih hanges the stability properties of the system. The
steady-state displaement due to small noise is independent on the kinetis of the
system but it only depends on the nonlinearity of the input funtion.
For monotonially inreasing and onave input funtions suh as the Mihaelis-
Menten uptake rate, we give a simple argument based on the small-noise expansion,
whih enables qualitative preditions of the steady-state displaement only by in-
spetion of experimental data: when weak and rapid noise enters the system through
a Mihaelis-Menten reation, then the graph of the system's steady states vs. the
mean of the input signal always shifts to the right as noise intensity inreases.
We test the preditions on two models of la operon, where TMG/latose uptake
is driven by a Mihaelis-Menten enzymati proess. We show that as a onsequene
of the steady state displaement due to utuations in extraellular TMG/latose
onentration the la swith responds in an asymmetri manner: as noise inten-
sity inreases, swithing o latose metabolism beomes easier and swithing it on
beomes more diult.
Key words: Geneti swithes and networks, noise in biologial systems, nonlinear
input funtion
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Fig. 1. Steady-state displaement due to noise passing through a nonlinear uptake
reation. Extrinsi noise Pt enters the system through the uptake reation whih
ats as a nonlinear lter h(): for example, when the input signal has a Gaussian
distribution, the output signal would have a skewed distribution. For small noise,
varying the intensity of the input noise, without hanging its mean P¯ , varies the
mean of the output noise 〈h(Pt)〉. This auses a shift ∆(P¯ ) of the steady states
of the system. The displaement diretion depends on the shape of the ltering
funtion h(Pt). The small-noise expansion method enables qualitative predition of
the displaement diretion, by inspetion of the following experimental data (here,
an example sketh): the graph of the system's steady states vs. P¯ and the graph of
the uptake rate vs. P¯ . Real experimental data an be found e.g. in (Ozbudak et al.,
2004).
1 Introdution
When studying biohemial pathways, we usually fous on a very small setion
extrated from a large network of protein interations. Two distint soures
ontribute to the noise in the studied system: Intrinsi noise due to the ran-
domness of moleular ollisions whih result in hemial reations of interest,
and extrinsi noise, generated in other parts of the network or in the external
environment (Shibata, 2005).
Computational methods developed based on the Gillespie algorithm (Gillespie,
1976, 2007) enormously inreased the popularity of theoretial studies of in-
trinsi stohastiity in biohemial reations (see the most ited papers: Thattai and Oudenaarden
(2001); Rao et al. (2002); Ozbudak et al. (2002)). On the other hand, grow-
ing attention is being paid to the study of extrinsi noise (Swain et al., 2002;
Raj and van Oudenaarden, 2008; Shahrezaei and Swain, 2008; Shahrezaei et al.,
2008; Lei et al., 2009), in partiular to the problem of disrimination between
the eets of intrinsi and extrinsi noise omponents in studied systems
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(Elowitz et al., 2002; Raser and O'Shea, 2004; Paulsson, 2004; Pedraza and Oudenaarden,
2005; Newman et al., 2006). Experiments on la gene in E. oli (Elowitz et al.,
2002) and PHO5 andGAL1 genes in Saharomyes erevisiae (Raser and O'Shea,
2004) have demonstrated that the ontribution of extrinsi noise to gene ex-
pression may be signiant.
Noise propagates aross a gene network by passing from one subsystem to the
other through reations whih link partiular setions of the network, or whih
link the network with the external environment. In this paper, we study the
eet of extrinsi utuations entering the studied system through a nonlinear
uptake reation whih ats as a nonlinear lter. In this way, one of the reation
rates in the system depends in a nonlinear way on a utuating extrinsi vari-
able. Shahrezaei et al. (2008) simulated (with a Gillespie algorithm modied
by inlusion of a randomly varying reation rate) a simple general model of
gene expression where one of the reation rates was an exponential funtion
of a slowly utuating Gaussian proess. The resulting reation rate had an
asymmetri, log-normal distribution. This partiular shape of the nonlinear l-
ter was hosen to onform the experimentally measured distributions of gene
expression rates (Rosenfeld et al., 2005). Shahrezaei et al. (2008) found that
the presene of this kind of noise shifts the mean onentration of the reation
produt, however they did not explain that eet with analytial alulations.
While Shahrezaei et al. (2008) studied numerially the eet of extrinsi u-
tuations whose average lifetime was longer than the shortest timesale of the
system (thus interfering the relaxation dynamis of the system's variables), we
fous on the analytial study of the eet of weak and rapid extrinsi noise,
whose instantaneous utuations are too fast to diretly interfere the system's
dynamis. The assumption of weakness and rapidity of the noise allows to use
the small-noise expansion method (Gardiner, 1983). A measure for the rapidity
of the random utuations is the orrelation time (Horsthemke and Lefever,
1984). When the harateristi time sale of the noise (the orrelation time) is
muh faster than the time sale of the reations within the system of interest,
then the noisy input signal ontributes to the kinetis of the system as an
average signal only (Horsthemke and Lefever, 1984). One ould expet that,
in suh a ase, varying the input noise intensity does not inuene the be-
havior of the system. However, the non-linear ltering funtion an transform
the output noise distribution in suh a way that its mean varies as the input
noise intensity is varied (see Fig. 1). The system may therefore respond to
extrinsi noise by shifting its steady states with respet to the deterministi
ones (Ohab-Marinek, 2008; Roo, 2009; Gerstung et al., 2009).
A partiularly interesting ase is a multistable system, for example a bistable
swith (Laurent and Kellershohn, 1999; Ferrell, 2002; Wilhelm, 2009), a hem-
ial reation system where two distint steady states are possible under the
same external onditions. In the presene of a noisy input signal, the bistable
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region an move to a onentration range where otherwise only one steady
state was present, or bistability an disappear for onentrations at whih the
system was initially bistable (Ohab-Marinek, 2008). Thus, as noise intensity
inreases, the existing steady states of the bistable system an be stabilized or
destabilized, whih results in the inrease or derease of the esape time from
one steady state to the other (Ohab-Marinek, 2008). The swithing time in a
bistable geneti swith has been reently investigated by Cheng et al. (2008),
as the measure for the robustness of the ellular memory to intrinsi noise. The
simpliity of the system (one-dimensional equation of kinetis) allowed them
for analytial alulation of the swithing time as the mean rst-passage time
derived from the Fokker-Plank equation (Gardiner, 1983). At a xed noise
level, Cheng et al. (2008) studied the dependene of the swithing time on the
transription rate. On the other hand, Lei et al. (2009) simulated a similar
system with a transription delay. Extrinsi noise was there applied in the
same log-normal form as in the above-mentioned paper by Shahrezaei et al.
(2008) and the noise was strong enough to allow for bi-diretional swithing.
Lei et al. (2009) showed that the swithing frequeny dereases as the delay
in the negative feedbak loop inreases.
The study of stohasti ontrol of metaboli pathways from the perspetive
of the small-noise expansion is relatively novel. It was initially presented in
(Ohab-Marinek, 2008) where we used the small-noise expansion to alulate
the noise-indued steady-state displaement for an arbitrary ltering funtion
and tested it on the redued Yildirim-Makey model (Yildirim and Makey,
2003) of the la operon. Using a numerial simulation of that model, we showed
that the indution time of the operon inreases and the unindution time de-
reases as a onsequene of the noise-indued displaement. Reently, (Roo,
2009) studied utuations in enzyme ativity in Mihaelis-Menten kinetis,
expressing the noise-indued steady-state displaement as the Stratonovih
drift. On the other hand, (Gerstung et al., 2009) used the small-noise ex-
pansion method to study the steady-state displaement of onentrations of
is-regulatory promoters due to intrinsi utuations in transription fator
onentration ombined with extrinsi utuations in the transription fator
synthesis rate. The non-linear input funtion (the lter) was the probability
of promoter oupation in the form of h(n) = n/(K + n), as a funtion of the
utuating number n of free transription fators.
While in (Gerstung et al., 2009) the above form of the ltering funtion arised
from the stationary solution of Master equation for the probability of nding
n free transription fators, in my present work the ltering funtion of the
same form is the uptake rate of a ertain substane P (the input signal), whih
enters the system through a atalyti Mihaelis-Menten reation (see Fig. 1).
In a reation that follows Mihaelis-Menten kinetis, the reatant ombines
reversibly with an enzyme to form a omplex. The omplex then dissoiates
into the produt and the free enzyme. If the total enzyme onentration does
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not hange over time, and the onentration of the substrate-bound enzyme
hanges muh more slowly than those of the produt and substrate (the quasi-
steady-state assumption), then the intermediate enzymati steps an be re-
dued in the equations of hemial kinetis. The rate of produt formation
(P uptake) is then proportional to h(P ) = P/(KM + P ), where P is the
onentration of P (Atkins, 1998).
We show that, when the P onentration Pt utuates with a Gaussian distri-
bution, then h(Pt) has an asymmetri distribution, similarly as in Shahrezaei et al.
(2008) and Lei et al. (2009). A simple alulus argument, based on the small-
noise expansion method, allows to show that the noise-indued steady-state
displaement depends solely on the shape of the nonlinear input funtion
(Gerstung et al., 2009). Consequently, we argue that the Mihaelis-Menten
type uptake funtion (monotonially inreasing and onave) always generates
the same type of the steady-state displaement. We show that this argument
enables qualitative preditions of the steady-state displaement only by in-
spetion of experimental data, i.e. a) the graph of the uptake funtion vs. the
mean of the input signal and b) the graph of system's steady states vs. the
mean of the input signal.
We show how, as a onsequene of the steady-state displaement, the indu-
tion/unindution time of the la operon hanges depending on the intensity of
TMG/latose utuations. To illustrate the universality of the phenomenon,
we ompare the results for the Ozbudak model of la operon (Ozbudak et al.,
2004), where the extraellular TMG uptake rate is an experimentally tted
funtion ∼ P 0.6 (inreasing and onave), with the results for the redued
Yildirim-Makey model (Ohab-Marinek, 2008; Yildirim and Makey, 2003),
where the extraellular latose uptake rate is given by the Mihaelis-Menten
formula P/(KM+P ). For both models we show how the Gaussian distribution
of the input signal generates the skewed distribution of the Mihaelis-Menten
uptake rate. We analyze the validity range of the small-noise expansion in both
ases. We ompare the noise-indued steady state displaement and the noise-
indued hanges in the indution/unidution time for the Ozbudak model
with the previously published results for the redued Yildirim-Makey model
(Ohab-Marinek, 2008).
2 Theory
2.1 Small-noise expansion method
The input onentration of a substane P is modeled by the stohasti proess
Pt with the mean P¯ and the variane σ
2
. The passage through the uptake
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reation generates the output noise h(Pt).
The equations of kinetis of the studied system are:
~˙X = ~F ( ~X, h(Pt)), (1)
where
~X is the vetor of onentrations of substrates, and the system depends
on Pt through the funtion h(Pt) only.
Assume that the noise is weak and slower than the time sale of the lter
response but faster than the harateristi time sale of the system (1). Then
the system experienes the output noise (after the passage through the lter)
as its mean, 〈h(Pt)〉 (Horsthemke and Lefever, 1984). If the mean value of
the output noise diers from the deterministi value of h(P¯ ), then the steady
states of
~˙X = ~F ( ~X, 〈h(Pt)〉) (2)
are shifted with respet to steady states of the deterministi system
~˙X = ~F ( ~X, h(P¯ )). (3)
It is possible to approximately nd the displaement without the knowledge of
the equations of kinetis, just by transformation of the X vs. P¯ graph. While
the deterministi system has stationary states
~X∗, the stohasti system has
quasi-steady states 〈 ~X〉, around whih its trajetories utuate (assuming that
a noise-indued transition between multiple steady states is very unlikely).
In the stohasti system, the steady states dier from the deterministi ones.
This dierene an be graphially shown as the shift of the graph of the steady
states
~X∗ vs. P¯ along the P¯ axis 1 (see Fig. 1) by a funtion ∆(P¯ ), suh that
〈 ~X(Pt)〉 = ~X∗(P¯ +∆(P¯ )). (4)
The system depends on Pt only in the funtion of the output proess h(Pt),
so
〈 ~X(h(Pt)) 〉 = ~X∗( h(P¯ +∆(P¯ )) ). (5)
As assumed above, the system only experienes the mean of the output proess
(Fig. 1):
〈 ~X(h(Pt)) 〉 = ~X∗( 〈h(Pt)〉 ), (6)
1
There are two reasons to onsider the horizontal shift (with respet to P¯ ) and
not the vertial one (with respet to 〈 ~X〉): a) The input signal Pt is the primary
soure of noise so it is easier to perform the alulations based on the dependene of
the steady states on the variations in Pt than on the variations of ~X, whih anyway
depend those of Pt. b) We will analyze the noise-indued shift in bistable systems,
whih an have two steady states for one value of P¯ , so the vertial shift would be
ambiguous.
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And therefore, from the ombination of Eqs. (5) and (6):
〈h(Pt)〉 = h(P¯ +∆(P¯ )). (7)
In other words, when the input proess Pt is stohasti (utuating around
the mean P¯ ), then the mean of the output proess h(Pt) is equal to the de-
terministi output under the shift ∆(P¯ ) of the input ux.
Assume that∆(P¯ ) depends on P¯ so weakly that it an be treated as a onstant
∆. Expand the output proess h(P¯+∆) around the mean of the input proess:
〈h(Pt)〉 ≈ h(P¯ +∆) = h(P¯ ) + h′(P¯ )∆ + ... (8)
(As shown in the Results setion and in (Ohab-Marinek, 2008), this approx-
imation works well for the example systems under study. In ase when ∆(P¯ )
depends steeply on P¯ , the approximation may break down.)
On the other hand, expansion of 〈h(Pt)〉 around P¯ with respet to a utuation
δP of the input proess (Pt = P¯ + δP at a given time t) yields:
〈h(Pt)〉 = 〈h(P¯ + δP )〉 = h(P¯ ) + h′(P¯ )〈δP 〉+ 1
2
h′′(P¯ )〈δP 2〉+ ... (9)
But the mean deviation from the mean of the input proess 〈δP 〉 = 0 and
the variane of the input proess 〈δP 2〉 = σ2. Combination of Eqs. (8) and
(9) yields the approximate formula for the noise-indued shift of steady states
with respet to deterministi steady states:
∆(P¯ ) =
h′′(P¯ )
2h′(P¯ )
σ2 (10)
2.2 Mihaelis-Menten uptake rate as the non-linear lter
In the ase of a system where the ltering funtion is generated by Mihaelis-
Menten kinetis (Atkins, 1998), the small-noise expansion method is valid
when the noise is slower than the intermediate enzymati reations, whih had
been redued into h(P¯ ). Then, the enzymati reations are not perturbed by
the utuations in P onentration, and the onentrations of the reatants an
reah their steady state while the P onentration is approximately onstant.
The noise orretion ∆(P¯ ) to the Mihaelis-Menten rate h(P¯ ) = P¯ /(KM + P¯ )
an be viewed as a orretion to the Mihaelis onstant KM . The displaement
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Fig. 2. The TMG uptake rate (17) for the Ozbudak model (solid line) and the latose
uptake rate (19) for the Yildirim-Makey model (dashed line). The mathematial
formulas for the uptake rates are dierent in both models, but as they desribe the
same uptake mehanism, their graphs have a similar Mihaelis-Menten shape with
h′ > 0 and h′′ < 0, whih generates the same type of the steady-state shift due to
noise in extraellular TMG/latose onentration (see the Results setion).
P¯ +∆(P¯ ) = P¯ (1 + ∆(P¯ )/P¯ ) is equivalent to the orretion
KM,noise(P¯ ) =
KM
1 + ∆(P¯ )
P¯
=
KM
1− σ2
(K+P¯ )P¯
. (11)
When the input signal Pt has a Gaussian distribution with the mean P¯ and
variane σ2, the output signal h(Pt) = Pt/(K+Pt) (Fig. 2) has an asymmetri
probability density funtion (Fig. 3 b):
p(h) =
K√
2πσ2(1− h)2 exp

− 1
2σ2
(
Kh
1− h − P¯
)2
(12)
(See the Appendix A for the details of the alulation.) The mean 〈h(Pt)〉 =∫
hp(h)dh/N of (12) exists if 0 ≥ h ≥ 1, whih orresponds to 0 ≥ P¯ ≥ +∞.
The normalization onstant N = (1/2)(erf[P¯√2/(2σ)] + 1), and the aurate
values of 〈h(Pt)〉 an be omputed numerially.
3 Models
The la operon is one of the most extensively studied examples of a bistable
geneti swith. In a ertain range of extraellular TMG/latose onentration,
the gene transription an be in one of two disrete states, either fully in-
dued or unindued. Bistability is generated by the positive feedbak loop,
where high latose/TMG onentration in the ell auses weak repression of
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Fig. 3. Probability density funtions for the TMG/latose uptake rates when the
utuating onentrations of the extraellular TMG/latose have a Gaussian dis-
tribution with the variane σ2. Vertial lines indiate the mean, whih is slightly
shifted with respet to the deterministi uptake rate (solid line). a) Ozbudak model.
b) Yildirim-Makey model.
the la gene transription and, in onsequene, more permease is produed
whih pumps more latose/TMG into the ell. Aording to experimental data
(Huber et al., 1980; Wright et al., 1981; Page and West, 1984; Lolkema et al.,
1991; Ozbudak et al., 2004) the rate of the TMG/latose uptake into the ell
is of Mihaelis-Menten type. Extraellular latose onentration experiened
by E. oli living in its natural environment may utuate, due to high mobility
of the baterium (see e.g. DiLuzio et al. (2005)), granularity of the intestinal
ontent and motions of intestinal villi.
3.1 Ozbudak model
The model (Ozbudak et al., 2004) is based on the experiment where a gene
oding for a uoresent protein was inorporated under the ontrol of the la
promoter in E. oli bateria, in order to indiate the transription ativity
of the la gene. The equations of hemial kinetis for this system are the
following:
R
RT
=
1
1 + (x/x0)2
(13)
τy
dy
dt
= α
1
1 +R/R0
− y (14)
τx
dx
dt
= βGh(T )y − x (15)
x denotes the intraellular TMG onentration, y is the onentration of per-
mease in green uoresene units, RT is the total onentration of the repres-
sor, and R is the onentration of ative repressor. The ative fration of the
repressor is a funtion of the TMG onentration x, with half-saturation on-
entration x0. α is the maximum rate of generation of permease, R0 is the
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half-saturation of the repressor. Permease is depleted in a time sale τy, due
to a ombination of degradation and dilution. TMG enters the ell at the rate
h(T ) (Fig. 2) proportional to y and to the gluose uptake rate βG, and is
depleted with time onstant τx.
Steady states of y (in x0 units, further on alled the 'saled units') are given
by:
y = α
1 + (βGh(T )y)
2
1 + RT
R0
+ (βGh(T )y)2
(16)
T is measured in µM. In a ertain range of TMG onentrations, the ubi
equation (16) has three roots (two stable xed points separated by one un-
stable xed point), whih very well reprodues the experimentally observed
swith-like behavior of la operon. In this study, we assume that the ex-
traellular gluose onentration is zero. Then, the system is bistable for
3.39 < T < 24.40 µM. We have hosen the value of τx = 1 min signiantly
larger than the time sale of the noise (20), and at the same time muh smaller
than τy = 216 min, whih onforms the experimental results (Mettetal et al.,
2006) reporting τx less than the measurement resolution of 35 min.
The TMG uptake rate funtion
h(T ) = 1.23× 10−3T 0.6, (17)
as well as the values of the parameters (Table C.1), have been tted from the
experimental data (Ozbudak et al., 2004). Sine the formula (17) is the result
of tting, it does not have the lassial Mihaelis-Menten form T/(K + T ),
but its graph has the harateristi Mihaelis-Menten shape, inreasing and
onave.
3.2 Yildirim-Makey model
The Yildirim-Makey model (Ohab-Marinek, 2008; Yildirim and Makey,
2003) onsists of three equations of hemial kinetis for mRNA (M), allola-
tose (A) and latose (L) onentrations in the E. oli ell:
dM
dt
= αM
1+K1 A2
1+K2Rtot+K1 A2
+ Γ0 − γ˜M M
dA
dt
= kB M
(
αA
L
KL+L
− βA AKA+A
)
− γ˜A A
dL
dt
= kP M
(
αL h(Le)− βL LKL1+L
)
− αA kB M LKL+L − γ˜L L
(18)
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Fig. 4. Comparison of the steady-state displaements alulated using the small-noise
expansion method for the Ozbudak model (a) and the Yildirim-Makey model (b).
Retangles indiate bistable regions of both models. In the Ozbudak model, the
noise-indued shift of steady states is weaker than in the Yildirim-Makey model and
it depends more strongly on the extraellular sugar onentration. The displaement
is the strongest on the left boundary of the bistable region and the weakest on its
right boundary.
α and β denote the gain and loss rates for the reations. K1 is the equilibrium
onstant for the repressor-allolatose reation. K2 is the equilibrium onstant
for the operator-repressor reation, and Rtot is the total amount of the repres-
sor. The γ˜ = γ + µ are the oeients for the terms representing deay of
speies due to hemial degradation (γ) and dilution (µ). Even if allolatose is
totally absent, on oasion repressor will transiently not be bound to the op-
erator and RNA polymerase will initiate transription. Although the mRNA
prodution rate dM/dt would be then nonzero (a leakage transription), it
is neessary to add an empirial onstant Γ0 to the model to obtain a leak-
age rate that agrees with experimental values (Yildirim and Makey, 2003).
The allolatose gain and loss rates and the latose loss rate depend on the
β-galatosidase onentration (an anzyme breaking down latose into allola-
tose), whih is proportional (kB fator) to the mRNA onentration. Similarly,
the latose gain and loss rates depend on the permease onentration, propor-
tional (kP fator) to the mRNA onentration. See Table C.2 for the values
of parameters.
The system is bistable for 27.7 µM < Le < 61.8 µM. The latose uptake rate
funtion
h(Le) =
Le
KLe + Le
(19)
has the Mihaelis-Menten form, to onform the data of Lolkema et al. (1991);
Huber et al. (1980); Page and West (1984); Wright et al. (1981).
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3.3 Flutuations
The utuations in TMG/latose onentration have been modeled by Ornstein-
Uhlenbek noise. For the small-noise expansion to be valid, the orrelation time
of the noise
τOU = 1.2 s (20)
has been hosen signiantly larger than the time sale of the enzymati
TMG/latose uptake by permease (0.1 s, aording to Wright et al. (1986)),
but smaller than the fastest time sale of the system: τsys = τx = 1 min
for the Ozbudak model and τsys ≈ 10−1 min for Yildirim-Makey model
(Yildirim and Makey, 2003). Taking into aount the baterial motility (mean
veloity of E. oli is ∼ 30µm/s, (DiLuzio et al., 2005)), the granularity of the
intestinal ontent and motions of intestinal villi, one an suppose that the
utuation rapidity assumed here is realisti (Ohab-Marinek, 2008).
The details of the numerial simulation of the stohasti proess are presented
in the Appendix B.
4 Results
4.1 Asymmetri distribution of the Mihaelis-Menten uptake rate
For the Makey model, the probability density funtion of the Mihaelis-
Menten uptake rate h is given by the formula (12). For the Ozbudak Model,
the probability density funtion of the uptake rate is desribed by a dierent
formula (see the Appendix A for the details of the alulation):
p(h) =
5
3
h2/3
b5/3
√
2πσ2
exp

− 1
2σ2


(
h
b
) 5
3
− T¯


2

 (21)
with b = 1.23× 10−3, beause h(T ) is given by the tted funtion (17) whih,
however, has a similar shape to the Mihaelis-Menten funtion. Consequently,
the probability density funtions for both models also have similar asymmetri
shapes, and for small noise their mean values derease as the noise intensity
inreases (Fig. 3). For larger noise, the mean values begin to inrease (ompare
Fig. 7).
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Fig. 5. Comparison of the steady-state displaements (23, 24) alulated using
the small-noise expansion method with values obtained from the simulation of
the Ozbudak model (a), and orresponding results for the Yildirim-Makey model
(Ohab-Marinek, 2008) (b). The standard deviations of the utuations were
σ = 1.5 µM for the Ozbudak model and σ = 10 µM for the Yildirim-Makey
model (Yildirim and Makey, 2003). The response of both models to utuations in
extraellular TMG/latose onentration passing through a Mihaelis-Menten-type
uptake reation is very similar: The steady states shift to the right. The displaement
is larger for lower TMG/latose onentrations and smaller for higher onentrations.
4.2 Calulation of the steady-state displaement using small-noise expansion
The steady-state displaement (10) does not depend on the kinetis of the
system. It only depends on the input noise intensity and on the shape of the
uptake funtion: its monotoniity and onavity. Therefore, only knowing the
graph of the steady states vs. P¯ , one an predit the hanges in its stability
due to noise passing through the uptake reation.
For a monotonially inreasing and onave uptake funtion, suh as Mihealis-
Menten (Fig. 2), h′ > 0 and h′′ < 0, so the steady states always shift to the
right (in the diretion of higher onentrations of P):
∆(P¯ ) < 0 (22)
The formulas for TMG/latose uptake rates (17), (19) are dierent in both
models, but as they desribe the same uptake mehanism, their graphs have
a very similar Mihaelis-Menten shape (Fig. 2) with h′ > 0 and h′′ < 0, whih
auses a steady-state shift to the right. In the Ozbudak model,
∆(T¯ ) = −0.2
T¯
σ2, (23)
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Fig. 6. The values of the steady-state displaement, alulated using the small-noise
expansion method, ompared with the values obtained from simulations. a) the
Ozbudak model, b) the Yildirim-Makey model. The noise intensities were same as
in Fig. 5.
while in the Yildirim-Makey model (Ohab-Marinek, 2008),
∆(L¯e) = − 1
(KLe + L¯e)
σ2. (24)
Within the bistable regions, the steady-state displaement due to noise in
the Ozbudak model is smaller than in the Yildirim-Makey model (Figs. 4,
5). A ommon feature of both models is a larger shift for low extraellular
TMG/latose onentrations and a smaller shift for high onentrations.
In the Ozbudak model as well as in the Yildirim-Makey model, the results ob-
tained analytially by small-noise expansion (23, 24) were in a very good agree-
ment with the simulation results (Figs. 5, 6). The behavior of the Ozbudak
model was very similar to the behavior of the Yildirim-Makey model: In both
ases the graph of the steady states vs. the mean extraellular TMG/latose
onentration shifted to the right. The shift was larger for lower TMG/latose
onentrations and smaller for higher onentrations.
4.3 Range of validity of the small-noise expansion
For both models (within the given hoie of parameters), we ompared the val-
ues of ∆ alulated using dierent methods for hosen onstant values T¯ or L¯e
as noise intensity and time sale of the noise were hanged (Fig. 7). The values
of∆ were: a) obtained from the simulation, b) alulated aurately (the mean
〈h(Pt)〉, omputed using the distributions (12) or (21), was substituted into the
equations of kinetis instead of h(Pt)), and ) alulated using the small-noise
expansion. The results are onsistent with those expeted: The expansion (8)
is valid when ∆ ≪ P¯ , and indeed, in both models the approximation breaks
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Fig. 7. The range of validity of the small-noise expansion: Comparison of the
steady-state displaement alulated using dierent methods (simulation, aurate
alulation, small-noise expansion) for onstant values T¯ or L¯e as noise intensity and
time sale of the noise are hanged. Top panels: Varying noise intensities σ2. a) Ozbu-
dak model, T¯ = 3.6 µM, τOU = 1.2 s = 0.02 min. b) Makey model, L¯e = 30 µM,
τOU = 1.2 s = 0.02 min. Bottom panels: Varying noise time sales τOU . ) Ozbudak
model, T¯ = 3.6 µM, σ2 = 1 µM2. d) Makey model, L¯e = 30 µM, σ
2 = 50 µM2
(the aurate value overlaps with the approximated one).
down when ∆/T¯ or ∆/L¯e are greater than the order of 10
−2
. Moreover, the
time sale of noise should be less than the time sale of the system, and for the
Yildirim-Makey model the approximation is valid for τOU < 0.1 min while
the fastest harateristi time for the left bifuration point was τsys = 0.4 min
(Ohab-Marinek, 2008). For the Ozbudak model, the approximation breaks
down at τOU ≈ 0.1min, while τsys = 1min. The results of the aurate alula-
tion dier slightly from the small-noise approximation beause of the Taylor
expansion ut-o. There is also a systemati dierene, inreasing with noise
intensity, between the simulation results and those alulated aurately. This
dierene is due to the reeting boundary onditions used in the simulations,
whih add a ontribution from the trajetories reeted at Pt = 0.
15
Fig. 8. Inreasing noise intensity inhibits indution and aelerates unindution in
the studied models of the la operon. Mean indution/unindution time was mea-
sured in simulations of the Ozbudak model (a) with dierent noise intensities and
dierent mean TMG onentrations T¯ : 24.5 µM (A), 24.6 µM (B), 24.7 µM (C),
3.41 µM (D), 3.40 µM (E), 3.39 µM (F). These results are ompared with the re-
sults for the Yildirim-Makey model (b) (Ohab-Marinek, 2008), where the mean
extraellular latose onentrations L¯e were: 62 µM (A), 63 µM (B), 65 µM (C),
27.9 µM (D), 27.8 µM (E), 27.7 µM (F).
4.4 Indution/unindution time
We ompared the mean indution/unindution times for both models, ob-
tained from the simulations with dierent noise intensities and dierent TMG
onentrations (Fig. 8). Both models are robust to utuations in extrael-
lular TMG/latose onentration. Noise-indued swithing from the indued
to unindued state due to noise driving the system out of the steady state
(Horsthemke and Lefever, 1984) was possible only for onentrations lose to
the boundaries of the bistable region.
Therefore, to study the unindution we performed simulations in whih the
system started within the bistable region, in the indued state very lose to
the left bifuration point (Tab. C.3). When the noise intensity is zero, the
system remains in the steady state and the unindution time is innite. But
as the noise intensity inreases, the bistable region shifts in the diretion of
larger TMG onentrations, eetively destabilizing the indued state and
thus dereasing the mean unindution time (Fig. 9a).
On the other hand, within the bistable region the noise-driven swithing from
the unindued steady state to the indued one was impossible in the range
of the noise intensities for whih the small-noise expansion method is valid
(Fig. 9b). To observe the transitions to the indued state, we had to set the
initial onditions outside the bistable region (Tab. C.3). The unstable initial
positions beome loser to the bistable region, and thus beome more stable,
as this region shifts in the diretion of larger TMG onentrations. The traje-
tories spend more time in the viinity of the starting point before they swith
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Fig. 9. Inreasing noise intensity inhibits indution and aelerates unindution in
the Ozbudak model of the la operon: Example trajetories for dierent initial states
of the system: a) Indued, left bifuration point (T¯ = 3.39 µM). b) Unindued, right
bifuration point (T¯ = 24.4 µM). ) Unindued, initial onentrations same as the
oordinates of the right bifuration point, but the TMG onentration is slightly
beyond the bistability region (T¯ = 24.5 µM).
to the indued state, so the mean indution time inreases as noise intensity
inreases (Fig. 9). This eet is same as in the Yildirim-Makey model (Fig.
8 b, Ohab-Marinek (2008)).
5 Disussion
In spite of the dierenes between the kinetis of the Ozbudak and Yildirim-
Makey models, and dierently dened TMG/latose uptake rate funtions
(the noise lters), the behavior of both models is qualitatively the same. The
steady-state shift due to small noise and the onsequent hanges in the in-
dution/unindution times depend on the harateristis (monotoniity, on-
avity) of the ltering funtion and not on the details of the kinetis of the
system.
Gaussian utuations of the extrinsi input signal, whih enter the system
through the Mihaelis-Menten uptake reation, generate an asymmetri dis-
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tribution of its rate. This eet is similar as in Shahrezaei et al. (2008) and
Lei et al. (2009), where Gaussian noise enters the system through an exponen-
tial funtion. (Note that, however, in Shahrezaei et al. (2008) the noise was too
slow (slower than the fastest time-sale of the system) and in Lei et al. (2009)
the noise was too strong for the small noise-expansion to be valid.) While in the
latter ases the rate distribution is log-normal, the distribution the Mihaelis-
Menten uptake rate has an opposite skewness. Due to the asymmetry of the
distribution, the mean uptake rate varies as the input noise intensity is varied.
This gives rise to the shift of the steady-state onentrations of the studied
reation system.
The small-noise expansion turns out to be a useful tool for predition of the
steady-state displaement due to weak and rapid noise. Within the validity
range of the method, the distribution of the input noise is not important (it
an be non-Gaussian as well): It is only the shape of the uptake funtion that
determines the diretion and size of the steady-state displaement for a given
input noise intensity. The simpliity of this approximate alulation allows for
qualitative preditions, based on experimental data only, of the response of
the studied system to extrinsi noise passing the uptake reation of a given
type. Assuming that we an only measure the intensity of the input noise, all
information needed to predit the steady-state displaement are: a) Experi-
mental the graph of the system's steady states vs. the mean input signal and
b) Experimental graph of the uptake rate funtion vs. the mean input signal.
Even if this data is not preise or already inludes noise (i.e. is shifted due to
noise), it enables qualitative preditions of the steady-state displaement when
noise intensity inreases or dereases. The shape (monotoniity and onavity)
of the uptake rate funtion indiates the diretion of the noise-indued shift
of the stationary states, whose approximate positions are known from the ex-
perimental graph. In partiular, when the uptake rate is of Mihaelis-Menten
type (monotonially inreasing and onave), the graph of the system's steady
states vs. mean input signal always shifts to the right. In ase of a bistable
geneti swith, one an then predit that, as a onsequene of suh a shift, the
extrinsi noise an seletively failitate or inhibit indution and unindution.
In priniple, it would be possible to measure the shift experimentally on the
level of the Mihaelis-Menten reation rate h(P ) = P/(KM + P ). The shift
ould be deteted as the noise orretion (11) to the Mihaelis onstant KM ,
whih ould be read out from the experimental plot of h(P ). However, in the
studied models of the la operon the noise would be probably too small for
experimental detetion of the shift of the reation rate plot. But the omputer
simulations suggest that it would be easier to experimentally detet the shift
by measurement of the swithing times of the la swith.
The measurements of indution/unindution times in the simulations of two
example la operon models demonstrate that the bistability of the latose
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utilization mehanism is robust to utuations in extraellular TMG/latose
onentration. However, even as small a noise as used in this study (to fulll
the onditions of validity of the small-noise expansion) an have a signiant
eet on the indution/unindution time. The values by whih it inreases or
dereases depend on the hoie of model parameters and initial onditions. The
eet is the strongest when the initial onditions are lose to the bifuration
points (boundaries of the bistable region). For example in the Ozbudak model,
when the initial state of the system is the left bifuration point (indued state),
then the unindution time hanges from innity (at zero noise) to ∼100 hours
(when the standard deviation σ of the TMG utuations is 1.5 µM). On the
other hand, when the initial state is the right bifuration point (unindued
state), then the noise-driven indution is impossible. When the initial state is
lose to the right bifuration point, but out of the bistable region, the indution
time is inreased by noise. For example, when the mean TMG onentration is
24.5 µM, then at zero noise the indution time is ∼190 hours, but at the noise
of σ = 1.7µM the indution time is ∼250 hours. These eets are qualitatively
same as in the Yildirim-Makey model (Ohab-Marinek, 2008).
Thus, the utuations in extraellular TMG/latose onentration failitate
the swithing o of the TMG/latose metabolism, but at the same time
they prevent the metabolism from swithing on. This eet will be valid
for any model of la operon, provided that the TMG/latose uptake rate
is of Mihaelis-Menten type. This suggests that in the presene of noise the
possibility of random swithing on the metabolism of TMG/latose is more
strongly proteted than the possibility of random swithing it o. One an
speulate whether this protetion against aidental indution of metabolism
is onneted with preventing an unneessary energeti eort. To answer this
question, one should analyze the latose utilization system in E. oli from the
energeti point of view.
In other systems, a dierent diretion of the noise-indued steady state dis-
plaement is possible. For example, when extrinsi noise enters the system
through the exponential funtion (monotinially inreasing and onvex), as
in Shahrezaei et al. (2008) and Lei et al. (2009), then one an predit that
for weak and rapid noise the graph of the steady states vs. mean noise in-
tensity will shift in the opposite diretion than that of the systems with the
Mihaelis-Menten uptake. On the other hand, if the uptake rate is a Hill fun-
tion P n/(K+P n) then the formula (10) for the steady-state displaement an
hange its sign for dierent onentrations of P and, under ertain onditions,
bistability may emerge due to noise in plae of a graded response. Similar
eets are possible for systems with non-monotoni input funtions generated
by inoherent feed-forward loops (Kaplan et al., 2008; Kim et al., 2008).
The analysis presented applies to weak and rapid noise from one dominat-
ing external soure. But even in the systems where the ontribution of other
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noises is present, the method may be of use to interpret the experimental mea-
surements in terms of the disrimination between the eets of noises whih
originate from dierent soures.
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A Transformation of probability density funtions
When h(P ) is an either monotonially inreasing or dereasing funtion of a
random variable P , and P is given by the probability density funtion q(P ),
then the probability density funtion of h is given by the formula:
p(h) = q(P (h))
∣∣∣∣∣dP (h)dh
∣∣∣∣∣ , (A.1)
where P (h) is the inverse funtion of h(P ). The formula is obtained by the
hange of variables in the integration (see e.g. Miller and Miller (2004)):
Prob(h(P1) < h < h(P2)) = Prob(P1 < P < P2) = (A.2)
=
∫ P2
P1
q(P )dP =
∫ h(P2)
h(P1)
q(P (h))
∣∣∣∣∣dP (h)dh
∣∣∣∣∣ dh =
∫ h(P2)
h(P1)
p(h)dh
(The absolute value is needed when h(P ) is dereasing.)
B Simulation details
The utuations in the extraellular TMG/latose onentration are mod-
elled by the Ornstein-Uhlenbek (OU) proess (Gardiner, 1983) with reeting
boundary onditions in Pt = 0. ξ(t) is a Gaussian white noise of intensity γ
and autoorrelation 〈ξ(t)ξ(s)〉 = δ(t− s):
dPt
dt
= −θ(Pt − P¯ ) + γξ(t), Pt ≥ 0. (B.1)
The orrelation time of the noise τOU = 1/θ. The variane of the OU proess is
σ2 = γ2/2θ. We assume a small noise intensity and P¯ suiently far from the
reeting boundary, so that the ontribution of reeted 'tail' of the Gaussian
distribution an be negleted and we an use formulas for the unbounded OU
noise for the mean and variane. The noise intensity is varied in the simulations
by varying the value of γ. . Numerial integration of the equations of kinetis
has been done using the Euler sheme (Press et al., 1993; Mannella, 2002).
The timestep δt = 2 · 10−3 min has been hosen signiantly smaller than the
time sales of the studied systems.
To estimate the mean indution/unindution time in the simulations, the time
was measured until trajetories
~X(t) got into a lose neighborhood of the
other deterministi stationary state (of a radius D =
√∑
i δX
2
i = 0.1 [saled
units℄ for the Ozbudak model and D = 5 µM for the Yildirim-Makey model
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(Ohab-Marinek, 2008)). The initial points of the trajetories
~X were the
deterministi steady states within the bistable region, or points outside the
bistable region, but lose to its boundaries (see Tables C.3, C.4). The number
of simulation runs for alulating the mean indution/unindution time was
N = 100 for the Ozbudak model and N = 1000 for the Yildirim-Makey
(Yildirim and Makey, 2003) model.
C Tables
ρ = 1 + RT
R0
167.1
a
α 100.5 a
βG(G = 0) 100
a
τy 216 min
b
τx 1 min
c
Table C.1
Parameters of the Ozbudak model:
a
) (Ozbudak et al., 2004),
b
) (Mettetal et al.,
2006),
c
) hosen for this study within the range of 0..35 min reported by
(Mettetal et al., 2006).
Γ0 7.25× 10−7 mM/min µ 0.0226 min−1
αA 1.76× 104 min−1 τB 2.0 min
αB 1.66× 10−2 min−1 τM 0.1 min
αL 2.88× 103 min−1 τP 0.83 min
αM 9.97× 10−4 mM/min K 7.2× 103
αP 10.0 min
−1 K1 2.52× 104 mM−2
βA 2.15× 104 min−1 KA 1.95 mM
βL 2.65× 103 min−1 KL 0.97 mM
γA 0.52 min
−1 KLe 0.26 mM
γB 8.33× 10−4 min−1 KL1 1.81 mM
γL 0.0 min
−1 kB 0.677
γM 0.411 min
−1 kP 13.94
γP 0.65 min
−1
Table C.2
Parameters of the Yildirim-Makey model (Yildirim and Makey, 2003).
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T¯ [µM] xi[scaled units] yi[scaled units] xf [scaled units] yf [scaled units]
A: 24.5
a
1.012 1.210 82.23 98.09
B: 24.6
a
1.012 1.210 82.44 98.10
C: 24.7
a
1.012 1.210 82.65 98.12
D: 3.39 13.228 51.700 0.1577 0.6163
E: 3.40 13.707 53.475 0.1580 0.6164
F: 3.41 14.012 54.569 0.1583 0.6164
Table C.3
Initial (i subsript) and nal (f subsript) onentrations of intraellular TMG (x)
and permease (y) for the simulation measurements of mean swithing time in the
Ozbudak model. Trajetories A, B, C started from outside the bistable region, but
very lose to its boundaries. Initial points for these trajetories are the oordinates
of the right (
a
) bifuration point.)
L¯e[µM] Ai[µM] Li[µM] Mi[10
−2µM] Af [µM] Lf [µM] Mf [10
−2µM]
A : 62.0a 14.1 224 0.360 393 285 80.8
B : 63.0a 14.1 224 0.360 399 289 82.5
C : 65.0a 14.1 224 0.360 412 298 85.9
D : 27.9 109.0 129 9.406 4.00 94.6 0.212
E : 27.8 104.0 129 8.600 4.00 94.0 0.212
F : 27.7 96.9 128 7.521 3.98 93.7 0.212
Table C.4
Initial (i subsript) and nal (f subsript) onentrations of allolatose (A), latose
(L), and mRNA (M) for the simulation measurements of mean swithing time in the
Yildirim-Makey model (Yildirim and Makey, 2003).
a
) Trajetories starting from
outside the bistable region, but very lose to its boundaries. Initial points for these
trajetories are the oordinates of the right bifuration point.
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